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In an extract from his new book on numbers, Alex Bellos looks at how
an indigenous group of Brazilians show us how our relationship with
numbers if far more complex and interesting than we ever realised
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The way
we see
numbers

hen I walked into
Pierre Pica’s
cramped Paris
apartment, I was
overwhelmed by
the stench of
mosquito repellent. Pica, a linguist,
had just returned from spending ﬁve
months with a community of Indians
in the Amazon rainforest, and he was
disinfecting the gifts he had brought
back. I asked how the trip had been.
“Difficult,” he replied.
For the last 10 years, the focus of
Pica’s work has been the Munduruku:
an indigenous group of about 7,000
people in the Brazilian Amazon whose
language has no tenses, no plurals and
no words for numbers beyond ﬁve.
To get to the Munduruku, Pica had
to wait for some locals to take him to
their territory by canoe.
“How long did you wait?” I inquired.
“I waited quite a lot. But don’t ask
me how many days.”
“So, was it a couple of days?” I
suggested tentatively. A few seconds
passed as he furrowed his brow: “It was
about two weeks.”
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The more I pushed Pica for facts
and ﬁgures, the more reluctant he was
to provide them. “When I come back
from Amazonia, I lose sense of time
and sense of number, and perhaps
sense of space.” This inability to give
me quantitative data was part of his
culture shock. He had spent so long
with people who can barely count that
he had lost the ability to describe the
world in terms of numbers.
No one knows for certain, but numbers are probably no more than about
10,000 years old. By this, I mean a
working system of words and symbols
for numbers. One theory is that such
a practice emerged together with agriculture and trade, as numbers were an
indispensable tool for taking stock and
making sure you were not ripped off.
Numbers are so prevalent in our
lives that it is hard to imagine how
people survive without them. Yet
while Pica stayed with the Munduruku,
he easily slipped into a numberless
existence. He slept in a hammock. He
went hunting and ate tapir, armadillo
and wild boar. He told the time from
the position of the sun. If it rained, he

stayed in; if it was sunny, he went out.
There was never any need to count.
Still, I thought it odd that numbers
larger than ﬁve did not crop up at all in
Amazonian daily life. What if you ask
a Munduruku with six children how
many kids they have? “He will say, ‘I
don’t know,’” Pica said. “It is impossible to express.”
Anyway, he added, the issue was
a cultural one. It was not the case
that the Munduruku counted his first
child, his second, third, fourth and
fifth, and then scratched his head
because he could go no further. For
the Munduruku, the whole idea of
counting children is ludicrous. Why
would a Munduruku adult want to
count his children? They are looked
after by all the adults in the community, Pika said, and no one is counting
who belongs to whom.
The reason for researching the
mathematical abilities of these
people who count only on one hand,
is to discover the nature of our
basic numerical intuitions. In one of
his most fascinating experiments,
Pica examined the Indians’ spatial

 nderstanding of numbers. How did
u
they visualise numbers when spread
out on a line? In the modern world
we do this all the time – on tape measures, rulers, graphs and houses along
a street.
Pica tested them using sets of dots
on a screen. Each volunteer was presented with a figure of an unmarked
line (see figure 1). To the left side of the
line was one dot; to the right, 10 dots.
Each volunteer was then shown random sets of between one and 10 dots.
For each set, the subject had to point
at where on the line he or she thought
the number of dots should be located.
Pica moved the cursor to this point and
clicked. Through repeated clicks, he
could see exactly how the Munduruku
spaced numbers between one and 10.
When American adults were given
this test, they placed the numbers
at equal intervals along the line. The
Munduruku, however, responded
quite differently. They thought that
intervals between the numbers started
large and became progressively smaller
as the numbers increased (see figure 2).
It is generally considered a self-evident
truth that numbers are evenly spaced.
It is the basis of all measurement
and science. Yet the Munduruku
visualise magnitudes in a completely
different way.
When numbers are spread out
evenly on a ruler, the scale is called
linear. When numbers get closer as
they get larger, the scale is called
logarithmic. And it turns out the logarithmic approach is not exclusive to
Amazonian Indians – we are all born
conceiving numbers this way. In 2004,
Robert Siegler and Julie Booth at
Carnegie Mellon University in Pennsylvania presented a similar version
of the number-line experiment to a
group of kindergarten pupils (average age: 5.8 years), ﬁrst-graders (6.9)
and second-graders (7.8). The results
showed in slow motion how familiarity with counting moulds our intuitions. The kindergarten pupil, with
no formal maths education, maps out
numbers logarithmically. By the ﬁrst
year at school, when the pupils are being introduced to number words and
symbols, the curve is straightening.
And by the second year at school, the

numbers are at last evenly laid out
along the line (see figure 3, overleaf ).
There is a simple explanation. Imagine
a Munduruku is presented with ﬁve
dots. He will study it closely and see
that ﬁve dots are ﬁve times bigger than
one dot, but 10 dots are only twice as
big as ﬁve dots. The Munduruku – and
the children – seem to be making their
decisions about where numbers lie
based on estimating the ratios between
amounts. When considering ratios, it is
logical that the distance between ﬁve
and one is much greater than the distance between 10 and ﬁve. And, if you
judge amounts using ratios, you will
always produce a logarithmic scale.
It is Pica’s belief that understanding
quantities in terms of estimating ratios
Fig 1
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is a universal human intuition, due
to the fact that ratios are much more
important for survival in the wild.
Historically, faced with a group of adversaries, we needed to know instantly
whether there were more of them than
us. When we saw two trees, we needed
to know instantly which had more fruit
hanging from it. In neither case was it
necessary to enumerate every enemy
or every fruit individually. The crucial
thing was to be able to make quick
estimates of the relevant amounts and
compare them; in other words to make
approximations and judge their ratios.
The logarithmic scale also takes
account of perspective. For example,
if we see a tree 100 metres away and
another 100 metres behind it, the
second 100 metres looks shorter. To a
Munduruku, the idea that every 100
metres represents an equal distance
is a distortion of how he perceives the
environment. Exact numbers provide
us with a linear framework that contradicts our logarithmic intuition.
We live with both a linear and a
logarithmic understanding of quantity.
For example, our understanding of the
passing of time tends to be logarithmic.
We often feel that time passes faster
the older we get. Yet it works in the
other direction too: yesterday seems a
lot longer than the whole of last week.
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ur deep-seated logarithmic instinct surfaces
most clearly when it
comes to thinking about
very large numbers. For
example, we can all understand the difference between one
and 10. It is unlikely we would confuse one pint of beer and 10 pints of
beer. Yet what about the difference
between a billion gallons of water and
10 billion gallons of water? Even
though the difference is enormous,
we tend to see both quantities as
quite similar – very large amounts of
water. Likewise, the terms millionaire
and billionaire are thrown around almost as synonyms – as if there is not
so much difference between being
very rich and very, very rich.
Stanislas Dehaene is perhaps the
leading ﬁgure in the cross-disciplinary ﬁeld of numerical cognition.
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When there was one dot on the
screen, the Munduruku said “pug”.
When there were two, they said “xep
xep”. But beyond two, they were not
precise. When three dots showed up,
“ebapug” was said only about 80%
of the time. The reaction to four dots
was “ebadipdip” in only 70% of cases.
When shown ﬁve dots, “pug pogbi”
was managed only 28% per cent of the
time, with “ebadipdip” given instead
in 15% of answers. In other words,
for three and above the Munduruku’s
number words were really just estimates. They were counting “one”,
“two”, “threeish”, “fourish”, “ﬁveish”.
Pica started to wonder whether “pug
pogbi”, which literally means “handful”, even really qualiﬁed as a number.
Maybe they could not count up to ﬁve,
but only to four-ish?
Pica also noticed an interesting
linguistic feature of their number
words. From one to four, the number

Fig 3
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He started off as a mathematician, and is now a neuroscientist,
a professor at the Collège de France
and one of the directors of NeuroSpin,
a state-of-the-art research institute
near Paris. In 1997, he was having
lunch in the canteen of Paris’s Science
Museum with the Harvard development psychologist, Elizabeth Spelke.
They had sat down, by chance, next
to Pierre Pica. Pica brought up his
experiences with the Munduruku and,
after excited discussions, the three
decided to collaborate. The chance to
study a community that doesn’t have
counting was a wonderful opportunity
for new research.
Dehaene devised experiments for
Pica to take to the Amazon, one of
which was very simple: he wanted
to know just what they understood
by their number words. Back in the
rainforest, Pica assembled a group of
volunteers and showed them varying
numbers of dots on a screen, asking
them to say aloud the number of dots
they saw. The Munduruku numbers are:

Estimate
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60

but did not use ﬁve syllables for ﬁve.
When the number of syllables was no
longer important, the word was maybe
not a number word at all. “This is
amazing, since it seems to corroborate
the idea that humans possess a number
system that can only track up to four
exact objects at a time,” Pica said.
He also tested the Munduruku’s
abilities to estimate large numbers. In
one test, the subjects were shown a
computer animation of two sets of several dots falling into a can (see figure 4,
overleaf ). They were then asked to say
if these two sets added together in the
can – no longer visible for comparison
– amounted to more than a third set of
dots that then appeared on the screen.
This tested whether they could
calculate additions in an approximate
way. They could, performing just as
well as a group of French adults given
the same task. In a related experiment,,
Pica’s computer screen showed an animation of six dots falling into a can and
then four dots falling out (see figure 5,
overleaf ). The Munduruku were asked
to point at one of three choices for how
many dots were left in the can. In other
words, what is 6 minus 4? This test
was designed to see if the Munduruku
understood exact numbers for which
they had no words.
They could not do the task. When
shown the animation of a subtraction
that contained either six, seven or
eight dots, the solution always eluded
them. “They could not calculate even
in simple cases,” said Pica.

T

was more useful. And the fact that
some Munduruku had learned to count
in Portuguese but still failed to grasp
basic arithmetic, was an indication of
just how powerful their own mathematical system was and how well
suited it was to their needs.
Could it be that humans need words
for numbers above four in order to
have an exact understanding of them?
Professor Brian Butterworth, of University College London, believes that
we don’t. He thinks that the brain
contains a ready-built capacity to
understand exact numbers, which he
calls the “exact number module”. According to his interpretation, humans
understand the exact number of items
in small collections, and by adding to
these collections one by one we can
learn to understand how bigger numbers behave. He has been conducting
research in the only place outside the
Amazon where there are indigenous
groups with almost no number words:
the Australian outback.
The Warlpiri Aboriginal community
lives near Alice Springs and has words
only for one, two and many. The
Anindilyakwa of Groote Eylande in the
Gulf of Carpentaria have words only
for one, two, three (which sometimes
means four) and many.
In one experiment with children
of both groups, a block of wood
was tapped with a stick up to seven
times and counters were placed on a
mat. Sometimes the number of taps
matched the number of counters,
sometimes not. The children were
perfectly able to say when the numbers
matched and when they didn’t. Butterworth argued that to get the answer
right, the children were producing a
mental representation of exact number
that was abstract enough to represent
both auditory and visual enumeration.
These children had no words for the
numbers four, ﬁve, six and seven,
yet were perfectly able to
hold those amounts in their heads.
Words were useful to understand
exactness, Butterworth concluded,
but not necessary.
Another important focus of
Butterworth’s work – and of Dehaene’s
– is a condition called dyscalculia, or
“number blindness”. It occurs in an
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of syllables of each word is equal to the
number itself. This observation really
excited him. “It is as if the syllables are
an aural way of counting,” he said. In
the same way that the Romans counted
I, II, III and IIII but switched to V at
ﬁve, the Munduruku started with one
syllable for one, added another for two,
another for three, another for four –

he results of these dot experiments showed that the
Munduruku were very proficient in dealing with
rough amounts, but were
abysmal in exact numbers
above ﬁve. Pica was fascinated by the
similarities this revealed between the
Munduruku and westerners: both had
a fully functioning, exact system for
tracking small numbers and an approximate system for large numbers. The
signiﬁcant difference was that the
Munduruku had failed to combine
these two independent systems together to reach numbers beyond ﬁve.
Pica said this must be because, for
them, keeping the systems separate
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et us hang our lank-locked
heads in shame, for terrible
news reaches us this week
that Amami setting lotion is
no more. Yes, Procter and
Gamble, manufacturers of
the hardcore blue gloop that has been
helping women curl their hair for decades, has ceased production. And suddenly the world seems a flatter place. It
is certainly a long way from Amami’s
50s heyday, when the advertising campaign proclaimed: “Clever wives, wise
to their husbands’ admiration, give
themselves a regular quick-set with
Amami Wave Set.” Oh women of Britain, where has progress got us? Now we
fritter away our “cleverness” on “university education” and “careers” - and
the result is a world without setting
lotion.
One of the great triumphs of
America’s shiny new healthcare bill has been that it forbids sex
discrimination in healthcare insurance.
Previously it had been legal in some
states for women to be charged more
for their policies than men — even
men who smoke — on the grounds that
women would “use it more”.
Over on The Youtube this week we
have been greatly enjoying the Daily
Mail Song by Dan and Dan [http://www.
youtube.com/watch?v=5eBT6OSr1TI
&feature=player_embedded]; it sees a
gentleman named Dan singing his way
through a variety of archetypal (though
fictional) Mail headlines — ‘Criminals
Get Marks & Spencer Vouchers When
Released From Jail’, ‘Binge Britain!
Single Mums!’, ‘Ban This Gay Smut’
— before chorusing: “It’s absolutely
true, because I read it in the Daily
Mail.” All the more amusing after
yesterday’s piece de resistance by the
Mail: a story about how it can cost the
taxpayer £5 million to support “a single mother
of three on benefits”. Further investigation reveals
that the figures,
calculated by Barnet
Council, apply only
to the extreme example of an abused
single mother who
was herself brought
up in care. We do
applaud your compassion this Easter
week, Daily Mail.
May all of your eggs be bro-
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estimated 3-6% of the population. Dyscalculics do not
“get” numbers the way most
people do.
For example, which of these
two ﬁgures is biggest? 65 or 24?
Almost all of us will get the correct
answer in less than half a second.
If you have dyscalculia, however,
it can take up to three seconds.
The nature of the condition varies
from person to person, but those
diagnosed with it often have problems in correlating the symbol for
a number, say 5, with the number
of objects the symbol represents.
They also ﬁnd it hard to count. Sufferers tend to rely on alternative
strategies to cope with numbers in
everyday life; for instance by using
their ﬁngers more. Severe dyscalculics can barely read the time.
Understanding dyscalculia has
a social urgency, since adults with
low numeracy are much more likely
to be unemployed or depressed
than their peers. Much of the research is behavioural, such as the
screening of tens of thousands of
schoolchildren in which they must
say which of two numbers is the
biggest. Some is neurological, in
which magnetic resonance scans
of dyscalculic and non-dyscalculic
brains are studied to see how their
circuitry differs. Gradually, a clearer
picture is emerging of what dyscalculia is – and of how the number
sense works in the brain.
Neuroscience, in fact, is providing some of the most exciting new
discoveries in the ﬁeld of numerical cognition. It is now possible
to see what happens to individual
neurons in a monkey’s brain when
that monkey thinks of a precise
number of dots.
Andreas Nieder, at the University
of Tübingen in southern Germany,
trained rhesus macaques to think of
a number. He did this by showing
them one set of dots on a computer,
then, after a one-second interval,
showing another set of dots. The
monkeys were taught that if the
second set was equal to the ﬁrst set,
pressing a lever would earn them a
reward of a sip of apple juice. If the
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Indicate which is larger: A + B or C
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second set was not equal to the ﬁrst,
then there was no apple juice.
After about a year, the monkeys
learned to press the lever only when
the number of dots on the ﬁrst and
second screens was equal. Nieder
and his colleagues reasoned that
during the one-second interval between screens, the monkeys were
thinking about the number of dots
they had just seen.
Nieder decided he wanted to
see what was happening in the
monkeys’ brains when they were
holding the number in their heads.
So, he inserted an electrode two
microns in diameter through a hole
in their skulls and into the neural
tissue. (At that size, an electrode
is tiny enough to slide through
the brain without causing damage
or pain.)
When the monkeys thought of
numbers, Nieder saw that certain
neurons became very active. On
closer analysis, he made a fascinat-
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ing discovery: the number-sensitive
neurons reacted with varying
charges depending on the number
that the monkey was thinking of
at the time. Furthermore, when a
monkey was thinking “four”, the
neurons that preferred four were
the most active, of course – but the
neurons that preferred three and the
neurons that preferred ﬁve were also
active, though less so, because its
brain was also thinking of the numbers surrounding four. “It is a noisy
sense of number,” explained Nieder.
“The monkeys can only represent
cardinalities in an approximate way.”
It is almost certain that the same
thing happens in human brains.
Which raises an interesting question: if our brains can represent
numbers only approximately, then
how were we able to “invent” numbers in the ﬁrst place?
“The ‘exact number sense’ is a
[uniquely] human property that
probably stems from our ability to
represent number very precisely
with symbols,” concluded Nieder.
Which reinforces the point that
numbers are a cultural artefact, a
man-made construct, rather than
something we acquire innately.
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Extracted from Alex’s Adventures in
Numberland by Alex Bellos, published by
Bloomsbury on 05 April at GBP 18.99. To
order a copy for £17.99 including free
UK mainland p&p, go to guardian.co.uk/
bookshop or call 0330 333 6846.

